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We compute perturbative worldsheet S-matrix elements in the bosonic sector for β-deformed AdS/CFT
in strong and weak ’t Hooft coupling limits and compare with the exact S-matrix. For our purpose we
take near BMN limit of TsT-transformed AdS5 × S5 with the twisted boundary condition and compute the
S-matrix on worldsheet using light-cone gauge ﬁxed Lagrangian. For the weak coupling side, we compute
the S-matrix in SU(3) sector by applying coordinate Bethe ansatz method to one-loop dilatation operator
obtained from the deformed super Yang–Mills theory. These analysis support the conjectured exact S-
matrix in the leading order for both sides of β-deformed AdS/CFT along with the appropriate twisted
boundary conditions.
© 2013 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
The S-matrix plays a key role for studying two-dimensional
integrable models. With enough symmetries, the S-matrix can
be determined mathematically and can be used to ﬁnd particle
spectrum along with exact dispersion relations and to compute
ﬁnite-size effects. Based on this philosophy, there have been re-
markable developments in applying the integrability methods to
AdS/CFT duality between N = 4 super Yang–Mills theory (SYM)
and type-IIB superstring theory on AdS5 × S5 [1]. Exact S-matrix
has been proposed [2–4] with the dressing phase [5,6], and ap-
plied to tools such as Lüscher correction [7] and thermodynamic
Bethe ansatz [8].
After these successes, it is natural to extend the utility of the
integrable methods to other proposed or conjectured AdS/CFT du-
alities. These include β-deformed SYM theory [9] which is dual
to superstring theory on Lunin–Maldacena background [10] and
three-parameter-deformed theory which breaks all the supersym-
metry [11]. There are some clues that the deformations still main-
tain the integrability. First, string sigma models on the deformed
backgrounds are classically integrable [12,13]. One-loop dilatation
operator on the gauge theory can be mapped to integrable spin-
chain models with certain twists [14]. All-loop asymptotic Bethe
ansatz equations for the deformed theories were conjectured by
Beisert and Roiban [15].
Another strong evidence for the integrability has come from the
anomalous dimension of Konishi operator computed by twisted
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Open access under CC BY license.Lüscher formula [16] which matches with four-loop perturbative
computation [17]. Related computations have been also worked
out by Y-system of the β-deformed SYM [18].
With the assumption of integrability, the S-matrix and associ-
ated twisted boundary conditions have been proposed and used to
derive the conjectured all-loop asymptotic Bethe ansatz equations
[19]. The twisted S-matrix is given by
S˜(p1, p2) = F · S(p1, p2) · F ,
F = eiγ1Γ , Γ = h ⊗ I⊗ I⊗ h − I⊗ h ⊗ h ⊗ I,
h = diag
(
1
2
,−1
2
,0,0
)
, (1.1)
where the ﬁrst two vector spaces in the tensor products act on
fundamental representations of SU(2|2)2 for particle 1 and the
third and fourth on those for particle 2. The corresponding twisted
boundary conditions are
M = ei(γ3−γ2) Jh ⊗ ei(γ3+γ2) Jh, (1.2)
which acts on the one-particle state.
Another support of the S-matrix conjecture comes from the
strong coupling limit of the twisted AdS/CFT duality. Finite J cor-
rection of a classical giant magnon dispersion relation has been
computed from the S-matrix element and twisted boundary con-
ditions through Lüscher formula [20] and shown to match with
classical sigma model computation for the γ -deformed background
[21,22]. While these evidences justify the assumption of integra-
bility, it is desirable to check the S-matrix directly either with the
string theory on a deformed background in the strong coupling
limit or with the N = 1 supersymmetric or non-supersymmetric
gauge theories in the weak coupling limit.
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is determined by Bethe–Yang equations which consist of the S-
matrix and the boundary conditions. Therefore, the same energy
spectrum can be obtained by attributing a part of S-matrix into
the boundary conditions and vice versa.
In the context of the twisted AdS/CFT, it is possible to shift
the Drinfeld–Reshetikhin twist F into the boundary condition M
as shown in [19]. The resulting theory is described by untwisted
S-matrix while the twisted boundary condition is given by
MA,Q 1,Q 2,...,QN = MA
N∏
j=1
F 2AQ j . (1.3)
This is called “operatorial” boundary condition since it depends not
only on the particle state which passes through the boundary but
also on all the other states Q ’s in the “quantum space” which are
away from the boundary. This feature is inevitable when one deals
with off-diagonal S-matrix. It is shown that this combination of
S-matrix and boundary conditions can produce the same “Beisert–
Roiban” asymptotic Bethe ansatz equations [23].
However, these operatorial boundary conditions are diﬃcult to
realize in the perturbative computations. On string side, Frolov ﬁrst
showed that superstring theory on the TsT-transformed AdS5 × S5
with the periodic boundary conditions is equivalent to the unde-
formed AdS5 × S5 with the following twisted boundary conditions
[11]:
φi(2π) − φi(0) = 2π(ni + i jkγ j Jk) (i, j,k = 1,2,3). (1.4)
Here, φi are three isometry angles of S5 and γ j = β is a parameter
for deformation of a scalar ﬁeld potential in the gauge theory side
and three angular momenta are given by J i =
∫
dσ φ˙i . Eq. (1.4) is
not easy to solve for the multiparticle solutions. For the spin-chain
side in the weak coupling limit, S-matrix can be computed by co-
ordinate Bethe ansatz method. The spin-chain Hamiltonian as a di-
latation operator naturally depends on the deformation parameter
β in N = 1 SYM. By some nontrivial unitary transformation it can
be changed into that of an untwisted spin chain as explained in
[14]. However, it generates nontrivial boundary conditions which
will be in general nonlocal i.e. which depends on the states on the
quantum space.
For these reasons, we study the S-matrix elements in the
bosonic sector of the β-deformed SYM at strong and weak ’t Hooft
coupling regimes which corresponds to (1.1) where the boundary
condition (1.2) becomes simply a c-number. For this purpose, we
consider string world-sheet action in near BMN limit and with
light-cone gauge ﬁxing which is different from Lunin–Maldacena
and compute the worldsheet scattering as was done for untwisted
case in [24]. In the weak coupling regime we consider one-loop di-
latation operator for three-spin sector. We apply coordinate Bethe
ansatz to compute one-loop S-matrix in this sector using the de-
formed SU(3) spin-chain Hamiltonian derived in [14,25] and show
that it matches with the exact Drinfeld–Reshetikhin S-matrix (1.1)
in this limit.
2. Strong coupling regime: String worldsheet
The dual gravity solution of N = 1 β-deformed SYM was ﬁrst
constructed by Lunin and Maldacena [10]. This background could
be obtained by using sequence of three TsT-transformations for the
S5 angles: (φ1, φ2)TsT , (φ2, φ3)TsT and (φ3, φ1)TsT for three isometry
angles with single parameter γˆ = γ√λ, (γi = γ ). Here, (φ1, φ2)TsT
means to take T-dualization along φ1, shift φ2 → φ2 + γˆ φ1 and
take T-dualization again for φ1. As a result of TsT-transformation,
all kinds of background ﬁelds – metric, B-ﬁelds, RR-ﬁelds and so on– are deformed or generated. If we use different parameters γˆ1,2,3
for each TsT-transformation, LM background could be generalized
to three-parameter deformed background which is dual to non-
supersymmetric, marginal deformed SYM. The three-parameter de-
formed AdS5 × S5 spacetime metric and antisymmetric B-ﬁelds are
given by the followings:
ds2string/R
2 = ds2AdS5 +
3∑
i=1
(
dρ2i + Gρ2i d ˜˜φ
2
i
)
+ Gρ21ρ22ρ23
(
3∑
i=1
γˆid
˜˜
φi
)2
,
B2 = R2G
(
γˆ3ρ
2
1ρ
2
2d
˜˜
φ1 ∧ d ˜˜φ2 + γˆ1ρ22ρ23d ˜˜φ2 ∧ d ˜˜φ3
+ γˆ2ρ23ρ21d ˜˜φ3 ∧ d ˜˜φ1
)
, (2.1)
where
G−1 = 1+ γˆ 23 ρ21ρ22 + γˆ 21 ρ22ρ23 + γˆ 22 ρ23ρ21 . (2.2)
There is an additional constraint
∑3
i=1 ρ2i = 1 and three isome-
try angles φi have periodicity under σ → σ + 2π . We will only
consider one-parameter deformed theory (γˆi = γˆ ) for simplicity
but all discussions about string regime in this Letter are applicable
even for three-parameter deformed theory.
2.1. TsT-transformed AdS5 × S5 with twisted boundary conditions
We start from AdS5 × S5 string with twisted boundary condi-
tions (1.4). The nonlinear sigma model action on usual S5 is given
by
S = −
√
λ
4π
∫
dτ dσ
[
hαβ(∂αρi∂βρi + ρ2i ∂αφi∂βφi + Λ
(
ρ2i − 1
)]
,
(2.3)
with
hαβ =
(
1 0
0 −1
)
. (2.4)
Taking a TsT-transformation (φ2, φ3)TsT , we obtain a new back-
ground
ds2string/R
2 = ds2AdS5 + dρ21 + ρ21dφˆ21 +
3∑
i=2
(
dρ2i + Gˆρ2i dφˆ2i
)
,
B2 = −γˆ R2Gˆ
(
ρ22ρ
2
3dφˆ2 ∧ dφˆ3
)
,
Gˆ−1 = 1+ γˆ 2ρ22ρ23 , (2.5)
with the background metric Gˆ i j and ﬁelds Bˆ i j whose non-zero
components are
Gˆ11 = ρ21 , Gˆ22 = Gˆρ22 ,
Gˆ33 = Gˆρ23 , Bˆ23 = Gˆγˆ 2ρ22ρ23 . (2.6)
Here, AdS5 metric is deﬁned as
ds2AdS5 = −
(
1+ Z24
1− Z24
)2
dt2 +
4∑
k=1
dZk dZk(
1− Z24
)2 (2.7)
where Z2 = Z21 + Z22 + Z23 + Z24 . Corresponding bosonic string action
on the deformed S5 is
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√
λ
4π
∫
dτ dσ
[
hαβ
(
∂αρi∂βρi + ρ21∂αφˆ1∂βφˆ1
+ Gˆρ22∂αφˆ2∂βφˆ2 + Gˆρ23∂αφˆ3∂βφˆ3
)
− αβ Bˆ
φˆ2φˆ3
∂αφˆ2∂βφˆ3 + Λ
(
ρ2i − 1
)]
. (2.8)
We will use this action to compute worldsheet S-matrix.1
The above TsT-transformation changes the twisted boundary
conditions (1.4) to
φˆ1(2π) − φˆ1(0) = Pws,
φˆ2(2π) − φˆ2(0) = 2π(n2 + β J1),
φˆ3(2π) − φˆ3(0) = 2π(n3 − β J1), (2.9)
where level matching condition is given by Pws = 2π [n1 +
β( J3 − J2)]. This corresponds to “c-number” boundary conditions
for φˆ2 and φˆ3 because they do not depend on J2 and J3.
2.2. Gauge ﬁxed Lagrangian
To compute the string worldsheet S-matrix it is convenient to
introduce new variables deﬁned by
ρ1 = 1−
Y 2
4
1+ Y 24
, ρ2 =
√
Y12 + Y22
1+ Y 24
, ρ3 =
√
Y32 + Y42
1+ Y 24
,
φˆ1 = φ, φˆ2 = arctan(Y2/Y1), φˆ3 = arctan(Y4/Y3).
(2.10)
We also have to remove the redundancy from general coordinate
invariance. A standard way is to consider the BMN limit [26] and
its curvature corrections:
t → X+ − X
−
2R2
, φ → X+ + X
−
2R2
,
Zk → ZkR , Yk′ →
Yk′
R
. (2.11)
This BMN limit simpliﬁes the metric and B-ﬁelds as follows:
ds2 = 2dX+ dX− + dY 2 + dZ2 − dX+2(Z2 + Y 2)
+ 1
2R2
(
2dX− dX+
(
Z2 − Y 2)+ dZ2 Z2 − dY 2 Y 2
+ dX+ dX+(Y 4 − Z4)),
B = 1
2R2
γˆ (Y1Y3 dY 2 ∧ dY 4 + Y2Y4 dY 1 ∧ dY 3
− Y2Y3 dY 1 ∧ dY 4 − Y1Y4 dY 2 ∧ dY 3). (2.12)
Although the metric is independent of γˆ up to 1/R2, worldsheet
scattering becomes nontrivial because the B-ﬁelds have γˆ depen-
dence.2
The bosonic string Lagrangian now becomes
L = 1
2
hαβ
[
G++∂α X+∂β X+ + G−−∂α X−∂β X−
+ G+−
(
∂α X
+∂β X− + ∂α X−∂β X+
)
+ GZi Z j∂α Z i∂β Z j + GY iY j∂αY i∂βY j
]
1 For simplicity, we restrict ourselves to the S-matrix elements in the bosonic
sector only.
2 The same computation for original Lunin–Maldacena background shows that
(1 + γˆ 2) appears in front of dY 2 which gives different masses between AdS5 and
S5 in the gauge ﬁxed action. This is one reason why we need to introduce twisted
boundary conditions in the string theory side.+ 1
2
εαβ
(
Bij∂αY
i∂βY
j + B+i∂α X+∂βY i
+ B−i∂α X−∂βY i
)
, (2.13)
with
εαβ =
(
0 1
−1 0
)
. (2.14)
Here, α, β stand for worldsheet coordinates σ ,τ and i, j =
1,2,3,4.
As in the usual case, the Hamiltonian is just sum of La-
grange multiplier times constraint. As the epsilon coupled to anti-
symmetric B-ﬁelds is a non-dynamical ﬁeld, the variation of the
action over worldsheet metric operate on only G-ﬁeld parts.
To ﬁx the gauge, we can use the ﬁrst-order formalism which
works well for undeformed theory [27–29]. First, we deﬁne the
conjugate momentum
Pμ =
(
γ τσ Gμν + Bμν
)
X´
ν + γ ττGμνX˙ν, (2.15)
where we denote Xμ = (X+, X−, Z , Y ) and Pμ = (P+, P−, P Z , PY );
‘dot’ and ‘prime’ as τ and σ derivatives, respectively. The resulting
Hamiltonian
H = 1
2γ ττ
Gμν P¯μP¯ν + 1
2γ ττ
GμνX´
μ
X´
ν − γ
τσ
γ ττ
P¯μX´
μ,
P¯μ = Pμ − BμνX´ν (2.16)
becomes zero if we impose the Virasoro constraints. Introducing
the light-cone gauge X+ = τ , P− = const, we can express the La-
grangian L = PμX˙μ − H in terms of ungauged variables
Lg. f . = P+ + PY · ˙Y + P Z · ˙Z = PY · ˙Y + P Z · ˙Z − HL.C ., (2.17)
where we have imposed the Virasoro constraints. The expression
for the light-cone Hamiltonian is given by
HL.C . = H˜ + γˆ√
λ
(−Y´1Y2Y3PY4 + Y´2Y1Y3PY4 + Y´1Y2Y4PY3
− Y´2Y1Y4PY3 + Y´3Y4Y1PY2 − Y´3Y4Y2PY1
− Y´4Y3Y1PY2 + Y´4Y3Y2PY1). (2.18)
Here, H˜ is the light-cone Hamiltonian of the undeformed theory.
Considering Legendre transformation and solving the equations of
motion for PYi and P Zi , we ﬁnally obtain the gauge ﬁxed bosonic
Lagrangian
Lg. f . = 12∂μ Z
† · ∂μ Z − 1
2
Z † · Z + 1
2
∂μ Y † · ∂μ Y
− 1
2
Y † · Y −V(Y , Z), (2.19)
with Y = (Y11˙, Y12˙, Y21˙, Y22˙) deﬁned by
Y11˙ = Y1 + iY2, Y12˙ = Y3 + iY4,
Y21˙ = Y3 − iY4, Y22˙ = Y1 − iY2. (2.20)
The potential term is
V= 1
4
√
λ
[
(Y11˙Y22˙ + Y12˙Y21˙)
(
2∂σ Y11˙∂σ Y22˙ + 2∂σ Y12˙∂σ Y21˙
+ (∂τ Z)2 + (∂σ Z)2
)− Z2(∂τ Y12˙∂τ Y21˙ + ∂τ Y11˙∂τ Y22˙
+ ∂σ Y12˙∂σ Y21˙ + ∂σ Y11˙∂σ Y22˙ + 2(∂σ Z)2
)]
− γˆ√ [Y11˙Y12˙∂τ Y22˙∂σ Y21˙ − Y11˙Y12˙∂τ Y21˙∂σ Y22˙4 λ
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+ Y12˙Y22˙∂τ Y21˙∂σ Y11˙ − Y12˙Y22˙∂τ Y11˙∂σ Y21˙
+ Y21˙Y22˙∂τ Y11˙∂σ Y12˙ − Y21˙Y22˙∂τ Y12˙∂σ Y11˙
]
. (2.21)
To compute the worldsheet S-matrix, we need to consider decom-
pactiﬁcation limit P− → ∞ in which worldsheet parameter space
changes from cylinder to plane after rescaling σ → P−√
λ
σ . Here,
P− has appeared in the integration bound for σ due to light-cone
gauge ﬁxing.
2.3. Tree-level scattering amplitudes
The string worldsheet S-matrix can be straightforwardly com-
puted from the gauge ﬁxed action (2.19). In the leading order of
1√
λ
we deﬁne T-matrix by
S= I+ 2iπ√
λ
T. (2.22)
We need to compute additional contribution to T from γˆ -de-
pendent part of V which contains only Y . In terms of mode ex-
pansions [30]
Y 11˙(σ , τ )
=
∫
dp
2
√
ωp
[
a11˙(p)e−i(ωτ−pσ ) + 12 1˙2˙a(p)†
22˙
ei(ωτ−pσ )
]
,
(2.23)
Y 12˙(σ , τ )
=
∫
dp
2
√
ωp
[
a12˙(p)e−i(ωτ−pσ ) + 12 2˙1˙a(p)†
21˙
ei(ωτ−pσ )
]
,
(2.24)
Y11˙(σ , τ )
=
∫
dp
2
√
ωp
[
121˙2˙a
22˙(p)e−i(ωτ−pσ ) + a(p)†
11˙
ei(ωτ−pσ )
]
,
(2.25)
Y12˙(σ , τ )
=
∫
dp
2
√
ωp
[
122˙1˙a
21˙(p)e−i(ωτ−pσ ) + a(p)†
12˙
ei(ωτ−pσ )
]
,
(2.26)
the γˆ -dependent part of T-matrix is
Tγˆ = γˆ
∫
dp dp′
Λ(p, p′)
[(
ωp′ − ω′p)a(p)†
11˙
a
(
p′
)†
21˙a(p)11˙a
(
p′
)
21˙
− (ωp′ − ω′p)a(p)†
11˙
a
(
p′
)†
12˙a(p)11˙a
(
p′
)
12˙
+ (ωp′ − ω′p)a(p)†
22˙
a
(
p′
)†
12˙a(p)22˙a
(
p′
)
12˙
− (ωp′ − ω′p)a(p)†
22˙
a
(
p′
)†
21˙a(p)22˙a
(
p′
)
21˙
]
. (2.27)
Here, ω =√p2 + 1 and the kinematic factor [31]
Λ
(
p, p′
)= 1
ω′p − ωp′ . (2.28)
One can notice that the scattering amplitudes depend on γˆ
only in Y Y to Y Y process. Explicitly, only non-zero elements of
the Tγˆ areTγˆ
∣∣Y11˙(p)Y12˙(p′)〉= −γˆ ∣∣Y11˙(p)Y12˙(p′)〉,
Tγˆ
∣∣Y11˙(p)Y21˙(p′)〉= +γˆ ∣∣Y11˙(p)Y21˙(p′)〉,
Tγˆ
∣∣Y22˙(p)Y12˙(p′)〉= +γˆ ∣∣Y22˙(p)Y12˙(p′)〉,
Tγˆ
∣∣Y22˙(p)Y21˙(p′)〉= −γˆ ∣∣Y22˙(p)Y21˙(p′)〉. (2.29)
Now, we consider the strong coupling limit of the exact twisted
S-matrix to compare with the above tree-level amplitudes. In this
limit, we can expand the twisted matrix F for small β = γˆ /√λ3
F = e
2π iγˆ√
λ
Γ 

(
I+ 2π iγˆ Γ√
λ
)
, (2.30)
with Γ deﬁned in (1.1) as well as the twisted S-matrix
S˜ = I+ 2π i (2Γ γˆ +T)√
λ
, (2.31)
where T is the undeformed matrix elements. Because the elements
of the twisted S-matrix (1.1) can be written as
S˜i j = FilSlk Fkj = FiδilSlk Fkδkj = Fi F jSi j, (2.32)
only amplitudes which are deformed in two-boson to two-boson
scatterings are
S˜(11˙)(12˙)
(11˙)(12˙)
= e−γ S1111S 1˙2˙1˙2˙, S˜
(11˙)(21˙)
(11˙)(21˙)
= e+γ S1212 S 1˙1˙1˙1˙,
S˜(22˙)(12˙)
(22˙)(12˙)
= e+γ S2121S 2˙2˙2˙2˙, S˜
(22˙)(21˙)
(22˙)(21˙)
= e−γ S2222S 2˙1˙2˙1˙. (2.33)
This matches with (2.29).
On the other hand, we can get the twisted boundary conditions
for Y from (2.9)
Y11˙(+π P−/
√
λ )/Y11˙(−π P−/
√
λ ) = e2π iβ J1 ,
Y12˙(+π P−/
√
λ )/Y12˙(−π P−/
√
λ ) = e−2π iβ J1 ,
Y22˙(+π P−/
√
λ )/Y11˙(−π P−/
√
λ ) = e2π iβ J1 ,
Y21˙(+π P−/
√
λ )/Y12˙(−π P−/
√
λ ) = e−2π iβ J1 , (2.34)
which also agree with (1.2) with γ3 = γ2 = β and J1 = J .
3. Weak coupling regime: Spin chains
The spin-chain Hamiltonian corresponding to the one-loop di-
latation operator of the β-deformed SYM was ﬁrst studied in [14,
32]. Later, more general integrable deformation was investigated
in [25]. In this section, we compute S-matrix from the spin-chain
Hamiltonian using the coordinate Bethe ansatz. For simplicity, we
only consider three-state spin chain which is the simplest sector
with nontrivial dependence on the deformation parameter.
The one-loop dilatation operator for the three-state operators
Z , X and Y is given by [14]:
H =
L∑
i=1
[−e2π iβ(Ei01Ei+110 + Ei12Ei+121 + Ei20Ei+102 )
− e−2π iβ(Ei10Ei+101 + Ei21Ei+112 + Ei02Ei+120 )
+ (Ei00Ei+111 + Ei11Ei+122 + Ei22Ei+100 )
+ (Ei11Ei+100 + Ei22Ei+111 + Ei00Ei+122 )]. (3.1)
Here, the indices 0, 1, 2 stand for Z , X , Y ﬁelds, respectively and
the matrix Eab is deﬁned by Eab|c〉 = |a〉δbc . This Hamiltonian is
3 Originally, Lunin–Maldacena background was deﬁned for small β .
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deformation of SU(3) R-matrix. For our purpose, it is more con-
venient to introduce a position-dependent unitary transformation
[14]:
|n〉0 → |n〉0, |n〉1 → e2π iβn|n〉1, |n〉2 → e−2π iβn|n〉2
with |n〉a ≡ | · · ·00
n↓
a 00 · · ·〉 (a = 0,1,2), (3.2)
for one-particle states; these phases are multiplied for multi-
particle states. Under this transformation, the Hamiltonian be-
comes
H =
L∑
i=1
[−(Ei01Ei+110 + e6π iβ Ei12Ei+121 + Ei20Ei+102 )
− (Ei10Ei+101 + e−6π iβ Ei21Ei+112 + Ei02Ei+120 )
+ (Ei00Ei+111 + Ei11Ei+122 + Ei22Ei+100 )
+ (Ei11Ei+100 + Ei22Ei+111 + Ei00Ei+122 )] (3.3)
along with the twisted boundary conditions
|L + 1〉0 = |1〉0, |L + 1〉1 = e−2π iβL |1〉1,
|L + 1〉2 = e2π iβL |1〉2. (3.4)
To apply the coordinate Bethe ansatz, we deﬁne an one-particle
state
|Ψ 〉a =
L∑
n=1
eipn|n〉a (a = 1,2).
Acting the Hamiltonian (3.3) on |Ψ 〉, we get the dispersion relation
E(p) = 4 sin2 p
2
. (3.5)
Now we consider the two-particle scattering amplitudes. One can
ﬁnd easily that the S-matrix between two particles of the same
type is same as SU(2) case, namely
s(p1, p2) = u1 − u2 + i
u1 − u2 − i , uk =
1
2
cot
pk
2
. (3.6)
For the two-particle states of different types (a = b), we deﬁne
|Ψ 〉 =
∑
1n1n2L
{
Φ12(n1,n2)|n1,n2〉12 + Φ21(n1,n2)|n1,n2〉21
}
,
Φ12(n1,n2)
= A12(p1, p2)ei(p1n1+p2n2) + A12(p2, p1)ei(p2n1+p1n2),
Φ21(n1,n2)
= A21(p1, p2)ei(p1n1+p2n2) + A21(p2, p1)ei(p2n1+p1n2), (3.7)
where
|n1,n2〉ab = | · · ·00
n1↓
a 00 · · ·00
n2↓
b 00 · · ·〉. (3.8)
In terms of these amplitudes we can deﬁne the S-matrix by(
A12(p2, p1)
A21(p2, p1)
)
=
(
r˜(p2, p1) t˜(p2, p1)
˜˜t(p2, p1) ˜˜r(p2, p1)
)
·
(
A12(p1, p2)
A21(p1, p2)
)
.
(3.9)
From the eigenvalue equation H|Ψ 〉 = E|Ψ 〉, we obtain0 = A12(p1, p2)eip2
(
1− e−ip2 − eip1)
+ A12(p2, p1)eip1
(
1− e−ip1 − eip2)
+ e−6π iβ A21(p1, p2)eip2 + e−6π iβ A21(p2, p1)eip1 , (3.10)
0 = A21(p1, p2)eip2
(
1− e−ip2 − eip1)
+ A21(p2, p1)eip1
(
1− e−ip1 − eip2)
+ e6π iβ A12(p1, p2)eip2 + e6π iβ A12(p2, p1)eip1 ,
with E = E(p1) + E(p2). (3.11)
From the above equations we can determine transmission and re-
ﬂection coeﬃcients as below:
r˜(p1, p2) = ˜˜r(p1, p2) = i
u1 − u2 − i ,
t˜(p1, p2) = u1 − u2
u1 − u2 − i e
6π iβ,
˜˜t(p1, p2) = u1 − u2
u1 − u2 − i e
−6π iβ, (3.12)
and the twisted S-matrix for deformed three-spin states is given
by
S˜spin =
⎛
⎜⎜⎝
s(p1, p2) 0 0 0
0 t˜(p1, p2) r˜(p1, p2) 0
0 ˜˜r(p1, p2) ˜˜t(p1, p2) 0
0 0 0 s(p1, p2)
⎞
⎟⎟⎠ . (3.13)
The S-matrix (3.13) agrees with the weak coupling limit of the
exact S-matrix (1.1) except t˜ , ˜˜t . This discrepancy can be attributed
to the frame factors assigned differently for spin-chain and world-
sheet scatterings which happens also for undeformed case [4,24].
For the β-deformed case the S-matrices for the SU(3) sector are
related by
S˜string = U (p1) · S˜spin · U (p2)−1, (3.14)
where the frame factor U (p) is given by
U (p) =
⎛
⎜⎜⎝
eipe2πβ i 0 0 0
0 eipe−2πβ i 0 0
0 0 eipe−2πβ i 0
0 0 0 eipe2πβ i
⎞
⎟⎟⎠ . (3.15)
It is straightforward to check S˜string agrees with λ → 0 limit
of (1.1).
4. Conclusions
In this Letter we have computed worldsheet and spin-chain
scatterings of the β-deformed SYM in the leading order to check
validity of the proposed exact S-matrix and boundary conditions.
For the strong ’t Hooft coupling regime, we used the light-cone
gauge ﬁxed Lagrangian in the TsT-transformed background. We
also computed weak coupling S-matrix based on SU(3) spin-chain
Hamiltonian. We have shown that these perturbative results match
with the exact conjectures.
Here, we have considered only boson to boson scatterings in
the leading order. It will be interesting to extend the checks to
fermions and the higher-loop order. It will be also interesting to
investigate whether our simpler background of the β-deformed
theory can be more useful in ﬁnding concrete string solutions or
higher correlation functions.
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